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Abstract. Point-wise and set theoretic definitions of fuzzy left(right) weak
interior and fuzzy weak interior ideals within a semigroup are presented. We
further explores the characteristics of fuzzy left weak( right weak, weak)interior
ideals, examining their relationships with fuzzy left (right, two-sided ideals,
bi-, interior, quasi-)ideals, via utilizing Tom Head’s metatheorem.  The
characterization of fuzzy weak interior ideals is discussed in terms of both level
subsets and strong level subsets. Additionally, it is demonstrated that the classes
of fuzzy weak interior ideals, along with other types of fuzzy ideals in a semigroup,
exhibit projection closed property. The metatheorem is employed to derive fuzzy
analogues of classical results, enabling proofs for several propositions related
to fuzzy weak interior ideals in a semigroup without the need for extensive
calculations. These proofs, facilitated by the metatheorem, are notably concise,
straightforward, and devoid of complex computations. Furthermore, the paper
provides characterizations of regular semigroups based on fuzzy weak interior

ideals.
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1 Introduction

L. A. Zadeh [19] in 1965 introduced the notion of fuzzy set to describe
the vagueness mathematically. Rosenfeld [16] introduced concepts of fuzzy
subgroupoids and fuzzy subgroups. Kumar, R. et.al. [1,2] and Khumbhojkar
[6,7] investigated different types of fuzzy ideals in semigroups and rings.

The concept of bi-ideals was initially introduced by Lajos and Szasz [11] in
the context of associative rings, and subsequently expanded by Good and Hughes
[3] to semigroups. Szasz [18] introduced the notion of interior ideals in semigroups,
while Kuroki [8-10] further advanced the theory by defining fuzzy bi-ideals and
fuzzy interior ideals within semigroups. The generalization of ideals within
algebraic structures is not only a significant area of study for mathematicians
but is also essential for advancing the understanding of these structures. Between
1950 and 1980, numerous researchers focused on the study of (bi-, quasi-, interior)
ideals. One-sided ideals provide a broader framework for ideals, while quasi-ideals
further extend this framework to encompass both left and right ideals. Bi-ideals
represent a generalization of quasi-ideals. Between 2020 and 2022, Rao [13,14,15]
introduced the notion of weak interior ideals as a generalization of left, right, and
two-sided ideals, as well as quasi-ideals and interior ideals, in both semigroups
and semirings.

In this work, we begin with both set theoretic and point-wise definitions of
fuzzy left weak( right weak, weak)interior ideals in a semigroup. Later we examine

fuzzy left weak( right weak, weak)interior ideals in semigroups, which extend the
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concepts of fuzzy left( right, two-sided ideals, interior ideals, quasi-)ideals. The
properties of fuzzy weak interior ideals are explored through the application of
metatheorem formulated by Tom Head [4], which is also used to characterize
these ideals in both semigroups and simple semigroups. The metatheorem offers
techniques for extending classical algebraic results to the fuzzy context. This
approach was later adopted in fuzzy algebra by [5,17], underscoring its clarity
and conciseness compared to existing methods, and demonstrating its utility as

an effective tool for studying fuzzy algebraic structures.

2 Preliminaries

Definition 2.1. [13] A non-empty subset A of a semigroup S is said to be left
(right) weak-interior ideal of S if A is a subsemigroup of S and SAA C A
(AAS C A) and is called a weak interior ideal if A is a subsemigroup of S
and is a left and a right weak-interior ideal of S.

We recall a fuzzy set p on a non-set X defined by Zadeh[19] as a
mapping x4 : X — [0,1]. Throughout this paper, J will always denote [0, 1]
and also Css, Ci(C,, Ci, Cy, Cin, Cy, Cyit, Cuir, Cyi) denotes the class of crisp
subsemigroups, left (right, two sided, bi-, interior, quasi-, left weak interior, right
weak interior, weak interior) ideals of an ordered semigroup S. Also the class
Cssy Ci(Cy,Ci, Cp, Cin, Cy, Cusit, Cusir, Cui) denotes their corresponding fuzzy classes

respectively.

Definition 2.2. [8, 16] A fuzzy set p of S is said to be a

(1) fuzzy subsemigroup of S if u(xy) > min{u(x), u(y)} Vz,y € S.
(2) fuzzy left(right) of S if p(xy) > p(y) (u(zy) > p(x)), ¥ z,y € S.

(3) fuzzy ideal of S p(xy) > max{u(x), u(y)} vz, y € 5.
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Definition 2.3. [9, 10] u € C; is set to be a

(1) fuzzy bi-ideal of S if p(ryz) > min{u(x), u(2)} ¥V z,y,2 € S.

(2) fuzzy interior ideal of S if u(xyz) > p(y) Vx,y € S.

Definition 2.4. [17] u € F(S) is said to be a fuzzy quasi-ideal of S if

f(zy) > min{f(z), f(y)} 2,y € S and p(z) > min{sup p(x), sup u(y)} v

z=xy z=xy

z€S.

Definition 2.5. u € C,, is said to be a fuzzy left(right) weak interior ideal of S
ifpopuoS Cu(SopouCp)
Definition 2.6. u € Cy, is said to be a fuzzy weak interior ideal of S'if Sopop C

and popuoS C p.

A briefly description of 'metatheorem’ derived by Tom Head [4] in the
field of fuzzy algebra presented in this section. P(S) and C(S) denotes the
set of all subset and characteristic functions of S. The characteristic function

Chi : P(S) — C(S), defined as Chi(A) = x4, is one-one and onto.
Proposition 2.7. P(S) = C(S) under the isomorphism Chi.

Proposition 2.8. The characteristic function Chi commutes with both the finite

intersection and the finite product of sets within a semiring S.
Definition 2.9. [4] For p € F(S) and r € J = [0, 1], the function Rep : F|(S) —
C(S)7 is defined by

Rep(p)(r)(z) =

1 if p(x)>r
0 if p(x)<r

k k 00 0
Proposition 2.10. [4] Rep(() p;) = () Rep(u:) and Rep(U n:) = U Rep(p),
i=1 =1

i=1 =1
where u; € F(S).
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Proposition 2.11. [4] The function Rep constitutes an order isomorphism from

F(S) onto I(S), where I(S) denotes the image of function Rep.

We define a binary operation x : F/(S) x F(S)toF(S) as follows:

sup [min{s(21), p2(22)}]
(1 * pp) () = { w=a1xe .
0, if  not expressed as x = x1 * 2o

Tom Head [4] introduced the binary operation * on F(S) as a convolutional
extension of the binary operation % on S. Notably, this convolutional extension
on F(S) corresponds to the fuzzy set product proposed by Liu [12], which is

applicable within a semigroup or any other algebraic structure.
Proposition 2.12. [4] For A,B € P(S), Chi(A* B) = ChiAx ChiB.
Proposition 2.13. [4] For py, us € F(S), Rep(p * p2) = Rep(p1) * Rep(pa).

Definition 2.14. [4] A class C of fuzzy sets within a semigroup S is projection

closed if, for each p € C and r € J, Rep(u)(r) € C.

Proposition 2.15. [4] Let Cy,C2(Cy,Cq) be the classes of crisp (fuzzy) subsets

of a semigroup S. Then, C; C Co(Cy = Cy) & Cy C Co(Ch = ().

Metatheorem 2.16. [4] Consider a semigroup (S,%) and the algebra
(F(S),inf,sup,*). Let L(ay,as,...,ay) and M(ay,as,...,ay,) are expression
over the variables set {ay,as,...,an} and operations set {inf,sup, *} defined on
P(S). Let Dy,Ds,...,D,, are projection closed classes of fuzzy sets of S and

D1y, Do, ..., D, be their corresponding crisp classes. Then the inequality

L(Ml;u%"'aum) REL M(Mlaﬂ?a"'aﬂm)

holdV py € Dy, ..., lym n Dy, & it holds ¥ py in Dy, ..., phy tn Dy, where REL

symbolizes any of the three specific relations <, = or >.

767



768 Ravi Srivastava

3 Fuzzy weak interior ideals in semigroups

Definition 3.1. 1 € C, is called a fuzzy left weak interior ideal of S if
p(w) = sup min[u(y), u(2)] Vw € S.
w=ryz

Now we establish the equivalence between the Definition 2.5 and 3.1.
Theorem 3.2. p € Cyy if and only if Sopopu C p.

Proof. Consider z € S. Then, Sopuou Cpu
& (Sopop)(z) < u(2)

& sup [min(S o p)(zy), p(w))] < p(z)

Z=TYw

& sup minfmin {S(x), u(y)} , u(w)] < p(2)

Z=TYw

& sup min [u(y), p(w)] < p(z)

Z=TYw

SAAS Cwil- O
Definition 3.3. 1 € Cg, is said to be a fuzzy right weak-interior ideal of S if

p(w) = sup min [p(z), u(y)] vV w € S.

wW=TYz

Next we establish the equivalence between the Definition 2.5 and 3.3.
Theorem 3.4. p € Cyy if and only if popoS C p.

Proof. Let z€ S. Then, popuoS Cpu
< (popoS)(z) < pu(z)

& sup [min(p o p)(zy), S(w))] < p(z)

& sup min min {u(z), u(y)} , S(w)] < p(2)

Z=rYyw

& sup min [p(2), u(y)] < f(z)

Z=zyw

SRS Cwir' O
Definition 3.5. u € Cs, is said to be a fuzzy weak interior ideal of S if

sup min [u(y), p(w)] < pu(z) and sup min [u(2), p(y)] < p(2).

Z=TYw Z=xYw
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Finally the equivalence between Definition 2.5 and 3.5 can be established

in a similar manner.

Theorem 3.6. p€Cy; & SopopuCpand popoS C p.

4 Level subset and strong level subsets in
semigroups

Definition 4.1. For y € F(X) and r € [0, 1], the level subset p; and strong level

subset p; associated with p are described as follows:
pw={reX ulx)>r} and p =x€ X :px)>r}
Lemma 4.2. For y,u € F(S). Then, (you); =~ u; ¥ tel0,1].

Theorem 4.3. The intersection of any non-empty collection of fuzzy left weak

interior ideals in a semigroup S remains a fuzzy left weak interior ideal.

Proof.  Consider {y;}ics as a collection of fuzzy left weak interior ideals in
the semigroup S and let p = ﬂ i, where § represents an indexing set. Since
the intersection of any non—em;l)eti/ collection of fuzzy subsemigroups results in a
semigroup that is also a fuzzy subsemigroup implies that p comprises a fuzzy
subsemigroup within S. For any z,y,z € S, u(zyz) = Qg pi(ryz) = 1Zr61§ wi(zyz)
> infmin {pi(y), pi(2)} = min{inf pi(y), inf pi(2)} = min{j@g ui(y)7gui(2f)}-
Thus p € Cyit- O
Theorem 4.4. The intersection of any non-empty collection of fuzzy right (weak

interior, weak interior) ideals in a semigroup S remains a fuzzy right (weak

interior, weak interior) ideal.

Theorem 4.5. The following assertions are mutually equivalent in a semigroup

S:
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(1) H € Cwil~
(2) Each O # i is a left weak interior ideal of S.

(3) Each O # py is a left weak interior ideal of S.

Proof. To establish (1) = (3), consider u € Cyi. We claim that Spyp; C pf.
Let w € Spy pi. Then w = zyz for some x € S and y, 2z € p;. Then p(y) >t <
w(z) as y, z € py. Since p € Cyyy, therefore, p(ryz) > min {u(y),v(z)} > t. Thus
w = xyz € v; . Hence Sy C 7.

(3) = (2). On contrary consider () # y;, a level subset of p. Then, uy = () p7-
Since 0 # g, O # p; for each r < t. By (3) y; is a left weak interior ié;;l of
S. Since the intersection of any non-empty set of left weak interior ideals in S
results in a structure that is also a left weak interior ideal of S, it follows that s
is a left weak interior ideal.

(2) = (1). Suppose p & Cypi. Since g is a left weak interior ideal of S, it is a
subsemigroup and thus p € Css. Since p & Cyir, u(zyz) < min{{u(y), u(z)} for
some z,y,z € S. This implies p(a) < min {min {x(y), ()} where a=xyz. Select
a real number ¢ such that p(a) < ¢ < min{u(y), u(z)}. Therefore, a ¢ p; and
y,z € . Therefore, a = zyz € Sy, but a ¢ py. Hence Spppy € pu, which
contradicts (2). O

Similarly we can prove:

Theorem 4.6. In a semigroup S, the following statements are mutually
equivalent:

(]-) 1% € Cwir-

(2) Each 0 # p is a right weak interior (weak interior) ideal of S.

(3) Each 0 # pg is a right weak interior (weak interior) ideal of S.
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5 Projection closed fuzzy classes in Semigroup

Theorem 5.1. [13] Cys, Ci, C,, C;, Cin, Cy and C, are projection closed.

Theorem 5.2. C,; is projection closed.

Proof. Consider p €  Cug. Then p € Cs and p(zyz) >
min{u(y), u(2)} Vv z,y,z € S. In light of Theorem 5.1, it is adequate
to demonstrate that Rep(u)(r)(zyz) > min{Rep(u)(r)(y), Rep(p)(r)(2)} V
z,y,z € S and V r € J V. Let min{Rep(u)(r)(y),Rep(pn)(r)(2)} =
1. Then, Rep(u)(r)(y)= Rep(p)(r)(z)=1. Therefore, p(y) > r < p(z).
Therefore, p(zry) > min{(u(y), u(2)} > r. Thus Rep(p)(r)(zyz) = 1. If
min{Rep(p)(r)(y), Rep(x)(r)(2)} = 0, then the inequality holds trivially. Hence

Cuwir 18 projection closed. O

Theorem 5.3. C,;, is projection closed.

Proof. Consider pu € Cyuir. Then p € Cs and p(zyz) >
min{pu(x), u(y)} V x,y,z € S. In light of Theorem 5.1, it is adequate
to demonstrate that Rep(u)(r)(zyz) > min{Rep(u)(r)(z), Rep(u)(r)(y)} ¥
r,y,z € S and V r € J V. Let min{Rep(u)(r)(z),Rep(p)(r)(y)} =
1. Then, Rep(p)(r)(z)= Rep(p)(r)(y)=1. Therefore,u(x) > r < ply).
Therefore, p(zyz) > min{(u(x),u(y)} > r. Thus Rep(p)(r)(zyz) = 1. If
min{Rep(u)(r)(x), Rep(p)(r)(y)} = 0, then the inequality holds trivially. Hence

Cuwir 1s projection closed. O

Theorem 5.4. C,; is projection closed.

6 Fuzzy weak-interior ideals in semigroups

Theorem 6.1. For a semigroup S, we have,
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(1) Each fuzzy left (or right) ideal of S is also a fuzzy left (or right) weak-interior

ideal.
(2) Each fuzzy ideal of S is also a fuzzy weak-interior ideal of the semigroup.
(3) Each fuzzy quasi ideal of S is also a fuzzy weak-interior ideal of the semigroup.

(4) Each fuzzy interior ideal of S is also a fuzzy left(right) weak-interior ideal of

the semigroup of S.

Proof. We demonstrate (3). Since both the classes C, and C,,; are projection
closed, therefore, C; C Cy; < Cy C C,; by Proposition 2.15. By Corollary 3.8 of
[13], every quasi-ideal of a semigroup S is a weak-interior ideal and P(S) = C(.S)
under the isomorphism Chi, we get, Cy C C,;. Hence C; C Cyy.
The remaining parts, which extends Theorem 4.5 and 4.6 of [13] to fuzzy
framework and can be derived analogously. O
The following theorem is an extension of Theorem 4.17 of [13] to fuzzy

setting and can be prove similarly.

Theorem 6.2. In a left simple semigroup S, every fuzzy left weak-interior ideal

is also a fuzzy two-sided ideal within S.
Theorem 6.3. In a semigroup S, the following statements hold:

(1) If v € Cui and p € Cys, then v N p € Cuy.

(2) If v € Cyit and p € C,., then Yy N p € Cuiy-

Proof. To establish (1), define the classes C = {yNxa : A € P(S5)
and A2 C Aand v € Cp} and C = {yNpu: v € Cy and p € Cys} in S.
To begin, we demonstrate that C is projection closed. Let vy N p € C. Now,
Rep(y N u)(r) = Rep(y)(r) NRep(u)(r) ¥ r € J by Proposition 2.10. Since both
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Css and C,,; are projection closed, therefore, Rep(v)(r) € Cy; and Rep(u)(r) € Css.
Thus V r € J, Rep(y N p)(r) € C and hence C is closed under projection. By
Theorem 4.5 of [13], the product of a weak interior-ideal and a subsemigroup

is a weak interior ideal and P(S) = C(S) under the isomorphism Chi, we get,
C C Cy;. Hence C C Cy; by Proposition 2.15. O

Theorem 6.4. Let v € C; and i € C,., then yo u € Cyy;

Proof. Consider classes C,.; = {fio fo: i € Cy, fo € Ci} and C,; = {yo
v €C, p€C}in S. To begin, we demonstrate that C,; is projection closed. Let
you € Cpry. Forall vy €C, and p € C;, Rep(yog)(r) = Rep(v)(r) o Rep(u)(r) ¥V
r € J by Proposition 2.13. Since both C, and C; are projection closed, we have,
Rep(y)(r) € C. and Rep(p)(r) € C;. Thus, Rep(y o p)(r) € C.; V r € J. Hence,
C,, is projection closed. Also C,; is projection closed. Since the product of a left
ideal and a right ideal of a semigroup is a weak interior ideal by Theorem 4.5 of
[13] and P(S) = C(S) under the isomorphism Chi, we get, C,.; C Cy;. Hence

Cr1 C Cy; by Proposition 2.15. O

Theorem 6.5. Let h € C,s. Then h € Cyy if and only if there exists p € C; such

that pou ChCpu .

Proof. Consider classes C' = {xu € C(S), where H is a subsemigroup of S:
fifi € H C f; for some left ideal f; of S} and C ={hy € Css: popu ChCp
for some p € C;} in S. To begin we demonstrate that C is projection closed.
Consider h € C, therefore, h € Cs such that popu C h C p for some p € C;.
For r € J, Rep(p o n)(r) = Rep(h)(r) = Rep(u)(r) by Proposition 2.11. By
Proposition 2.13, for r € J, Rep(u) oRep()(r) > Rep(h)(r) > Rep(u)(r) . Since
Css and C; are projection closed, we get, Rep(p)(r) € C; and Rep(h)(r) € Css.

Therefore, Rep(u)(r) € C for some p € C; and V r € J and hence C is projection
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closed. Also the class C,; is projection closed. Therefore, C C C,y if and only if
C C Cyy by Proposition 2.15.

The later proposition follows as subsemigroup K in a semigroup S is a left
weak interior ideal if and only if A2 C K C A for some left ideal A of S by

Theorem 4.7 of [13] and P(S) = C(S) under the isomorphism Chi. O

Theorem 6.6. Let h € Css. Then h € Cyyp if and only if there exists i € C, such

that pou ChCpu .

Theorem 6.7. In a semigroup S that is idemempotent and reqular, u € Cy; <

popoS=p==5opouV peCCyi.

Proof.  We define the classes D = {H € C,; : HHS = H = SHH} and
D={p€Cyi:popoS=pu==Sopopu} Firstly we show that D is projection
closed. Let p € D. Therefore, p € Cy; such that popoS = pu = Sopuop.
Rep(p o ppo S)(r) = Rep(u)(r) = Rep(S o pop)(r) V r € J by Proposition
2.11. We have, for all u € Cyy;, Rep(p)(r) o Rep(u)(r) o Rep(S)(r) = Rep(u)(r) =
Rep(S)(r) o Rep(u)(r) o Rep(u)(r) ¥V r € J by Proposition 2.13. That is, for
all i € Cui, Rep(p)(r) o Rep(p)(r) o S = Rep(u)(r) = S o Rep(u)(r) o Rep(u)(r)
vV r € J. Since C,; is projection closed, we have, Rep(u)(r) € Cyi. Hence
Rep(f)(r) € DY r € J. Thus, D is projection closed. Also C,; is projection
closed. Therefore, D = C,; & D = Cy; By Theorem 2.15. Since a subsemigroup
A of a semigroup S that is idempotent and regular is a weak interior ideal if and
only if AjA;S = A; = SA1A; by Theorem 4.21 of [13] and P(S) = C(S) under
the isomorphism Chi, we get, D = Cy;. Thus D = Cy;. O

Theorem 6.8. Consider i € Css. Then p € Cyy if SoSop C pand poSoS C p.

Proof. Consider C = {xu € C(5), where H is a subsemigroup of S: SSH C H
and HSS C H} and C ={p € Css: SoSou C pand poSoS C u} as fuzzy and
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crisp classes in S. Utilizing Proposition 2.10, 2.11 and proceeding as in Theorem
6.7, it can be shown easily that C is projection closed. Also by Theorem 5.4, C,;
is projection closed. Therefore, C C C,; & C C Cy; by Proposition 2.15, here
Cli 1s a class of all crisp weak interior-ideals of S. Since a subsemigroup A; of a
semigroup S is a weak interior ideal if SSA; C A; and A;SS C A; by Theorem
4.6 of [13] and P(S) = C(S) under the isomorphism Chi, we get, C' C Ciy.
Hence C C Cy;. O

References

[1] Ajmal N. and Kumar S., Lattice of subalgebras in the category of fuzzy
groups, The Journal of Fuzzy Mathematics , 10 (2002) 359-369.

[2] Dixit V. N., Kumar, R. and Ajmal N., Level subgroups and union of fuzzy
subgroups, Fuzzy Sets and Systems, 37 (1990) 359-371.

[3] R. A. Good and D. R. Hughes, Associative groups for a semigroup, Bull.
Amer. Math. Soc., 58 (1952) 624-625.

[4] Tom Head, A metatheorem for deriving fuzzy theorems from crisp versions,
Fuzzy Sets and Systems, 73 (1995) 349-358.

[5] Aprana Jain, Tom Head’s join structure of fuzzy subgroups, Fuzzy Sets and
Systems, 125 (2002) 191-200.

[6] Kumbhojkar H. V. and Bapat, M. S., On prime and primary fuzzy ideals
and their radicals, F'SS, 53 (1993) 203-216.

[7] Kumbhojkar H. V. and Bapat, M. S., On semiprime fuzzy ideals, FSS, 60
(1993) 219-223.

[8] Nobuaki Kuroki, On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy
Sets and Systems 5 (1981) 203-215.

[9] Nobuaki Kuroki, Fuzzy bi-ideals in semigroups, Comm. Math. Univ. St.
Pauli, 28 (1979) 17-21.

[10] Nobuaki Kuroki, On fuzzy interior ideals in semigroups, J. Fuzzy Math., 3
(2) (1988) 436-447.

775



776

Ravi Srivastava

[11] Lajos, S and F.A. Szasz. On the bi-ideals in associative rings. Proceedings
of the Japan Academy 46(6)(1970)505-507.

[12] W. J. Liu, Fuzzy invariant subgroups and ideals, Fuzzy Sets and Systems, 8
(1982) 133-139.

[13] M.M.K. Rao, Quasi-interior ideals and weak-interior ideals; Asian
Pac,J.Mth.,2020, 7:21

[14] M.M.K. Rao, Weak interior ideals and fuzzy weak interior ideals of I'-
semirings; Bull. Int. Math. Virtual Inst., 10(1)(2020) 75-91

[15] M.M.K. Rao, Weak-Interior Ideals, Bulletin of the International
Mathematical Virtual Institute, 12(2)(2022) 273-285

[16] A. Rosenfeld, Fuzzy Groups, Math. Anal. Appl., 35 (1971) 512-517.

[17] Anand Swaroop Prajapati and Ravi Srivatava, Metatheorem and fuzzy
quasi-ideals in semigroups, The Journal of Fuzzy Mathematics, 14 (4)(2006)
851-865.

[18] G. Szasz, Interior ideals in semigroups, Notes on Semigroups IV Dept. Math.
K. Marx. Univ. Economics, (1977) 1-7.

[19] L.A.Zadeh, Fuzzy Sets, Inform. and Control 8 (1965), 338-353.



